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The Motivating Problem

Given L noisy symmetric low rank matrices (e.g. covariance matrices, net-
works), when can we cluster those matrices with the same subspace structure
in a statistically consistent and computationally efficient manner?

Fig. 1: Motivating Problem

Main Contributions

• Devise scalable initialization and riemannian gradient method for clustering
mixture of common subspaces.

• Provide theoretical guarantee for clustering under a uniform signal to noise
ratio condition across all layers.

• Derive computational and statistical lower bound for the uniform signal to
noise ratio condition.

Mixture of Common Subspace Model

The model generalizes common subspace model [1]:

A(l) = S(l) + N (l) l ∈ [L]

Here
S(l) = U (m)R(l)U (m)> m ∈ [M ] m := τ (l)

• signal strength λ:
λ := σmin(S(l)) = σmin(R(l))

• noise level σ :

N
(l)
ij


∼ SG(0, σ2/2) i > j

∼ SG(0, σ2) i = j

= N
(l)
ji i < j

• subspace seperation:

∆ := min
m6=m′

∥∥∥sin Θ(U (m),U (m′))
∥∥∥

Initialization Algorithm

The unbiased estimator for S(l)2 is

ˆ
S(l)2 := A(l)2 − n + 1

2
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Riemannian Gradient Algorithm

Given a fixed τ̂ , we minimize f (U (m)) for each m via Riemannian Gradient Descent on
Stiefel manifold:

f (U (m)) :=
∑

l∈τ̂−1(m)

∥∥∥U (m)U (m)>A(l)U (m)U (m)> −A(l)
∥∥∥2

F

grad f (U (m)) := 4
∑

l∈τ̂−1(m)

(
U (m)U (m)> − I

)
A(l)U (m)U (m)>A(l)U (m)

We optimize the nonconvex optimization above using an idea close to EM:

Minimax Lower Bound

Define the loss function and parameter set

hc(τ̂ , τ ) := inf
π

∑
l∈[L]

I{τ̂ (l) 6= π ◦ τ (l)}. Θ(λ, n, L, r,M)

Theorem 1. If we have when λ2∆2

σ2 (log( αLσMλ∆))−1→∞ as n→∞, then it holds that
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hc(τ̂ , τ

∗) ≥ exp
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)
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Identifiablility Condition

Quotient by rotation of U (m), permutation of τ , and
∥∥∥U (m)>U (m′)

∥∥∥2

F
< r.

Computational Lower Bound

Under the low degree likelihood ratio framework. Consider the following test

H
(L)
0 : A(l) = ε(l)λuu>+Z vs H

(L)
1 : A(l) = ε(l)λ

(
b(l)uδu

>
δ + (1− b(l))uu>

)
+Z

(1)

Theorem 2. For the hypothesis testing above, if λ = o( n
1/2

L1/4δ
), then

∥∥∥L≤DL ∥∥∥2
=

1 + o(1). (Suggests exponential computational complexity under this reigime)

Initialization Guarantee

Theorem 3. If dispersion condition is met and signal strength condition:
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With probability at least 1− exp(−cn):
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Simulation

For M = 2, we sample
∥∥∥U>1 U2

∥∥∥2

F
= 1.5, n = 200, r = 4 and repeatedly cluster

for 20 times

Fig. 2: Phase Transition for Initialization and Riemaniann Gradient Step

Comparison on Real Data

We consider Brain Heart Lung (BHL) gene profile dataset as analyzed by [2].
We cluster the covariance matrix S = M>M . Hence, n = 1124, L = 27 and
r = 1.

GMCS (Our) lr-Lloyd DEEM K-means SKM DTC TBM EM

Cluster Error 3.70 3.70 7.41 11.11 11.11 18.52 11.11 11.11

Table 1: GMCS: Gradient Mixture of Common Subspace; SKM: sparse K-means ; DTC: dynamic
tensor clustering ; TBM: tensor block model (TBM) ; EM: standard EM;
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